
International Journal of Solids and Structures 42 (2005) 3611–3617

www.elsevier.com/locate/ijsolstr
Stress formulation in 3D elasticity and application
to spherically uniform anisotropic solids

V.A. Kucher, X. Markenscoff *

Department of Mechanical and Aerospace Engineering, University of California, San Diego, MAE,

9500 Gilman Drive, La Jolla, California, CA 92093-0411, USA

Received 23 June 2003; received in revised form 6 October 2004
Available online 8 December 2004
Abstract

We formulate the boundary value problem of traction for inhomogeneous anisotropic elastic materials in terms of
stresses following the method introduced by Pobedria and apply it to spherically anisotropic materials. An example of
spherically symmetric deformation of spherically uniform anisotropic materials is presented.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper illustrates the stress formulation for linear elastic inhomogeneous anisotropic solids in the
particular case of spherical uniform anisotropy. Recently, inhomogeneous materials have attracted interest
due to the wide applicability of functionally graded materials (FGM), which are characterized by a micro-
scale that is spatially variable on a macroscale. Inhomogeneous materials exhibit interesting physical prop-
erties such as those observed in particular examples of radially dependent isotropic and spherically uniform
anisotropic materials by Horgan and Chan (1999a,b), Horgan and Baxter (1996) and Ting (1999). These
unexpected properties are that the hoop stress in a spherical shell may not achieve its maximum on the inner
boundary and the stresses in an infinite body with a traction-free spherical cavity cannot be obtained as a
limit of those of a spherical shell. It was observed that, for a solid sphere, cavitation occurs in the center
even for the slightest degree anisotropy.
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The above solutions were obtained by using the displacement formulation of the boundary value problem
of traction. Problems of elasticity can be posed in terms of displacement or stresses. The displacement for-
mulation gives well-defined boundary value problems. This is the main reason it is used by applied mathe-
maticians and numerical analysts. However, convergence of numerical algorithms is worse if one is interested
in the approximation of the derivatives of the displacement field. Thus, on practice the determination of the
stress field leads to a loss of numerical accuracy. On the other hand, a well-defined stress formulation is not
obvious. In 3D case the stresses satisfy nine equations in the interior of the body (three equations of equi-
librium and six equations following from the compatibility of strains) and only three boundary conditions.

A well-posed formulation in terms of stresses for 3D problems with given traction was proposed by
Pobedria (1980, 1979). He observed that it is sufficient to use the equilibrium equations only as boundary
conditions. That gives six boundary conditions for the six equations in the body. The equivalence of the
displacement and stress formulation was further studied by Kucher et al. (2004), while Li et al. (in press),
further refined the theory and obtained new conservation laws based on the stress formulation exploiting
the symmetries of the compatibility equations.

In this paper we illustrate the stress method by considering the spherically symmetric problem for spher-
ically uniform anisotropic elastic solids. The solution of this problem in displacement form can be found in
the book of Lekhnitskii (1963); some properties of this solution were recently analyzed by Horgan and Bax-
ter (1996) and Ting (1999) by the displacement methods.
2. Displacement and stress formulation of inhomogeneous elastic problems with given boundary traction

Consider the inhomogeneous elastic material with constitutive relation
r ¼ Cðx; eÞ; ð2:1Þ

where r is the Cauchy stress tensor, e is the tensor of linear deformation
eij ¼
1

2
ðui;j þ uj;iÞ: ð2:2Þ
Then the displacement formulation of the problem of traction is
Cij;jðx; eðuðxÞÞÞ ¼ �F i in X; ð2:3Þ

Cijðx; eðuðxÞÞÞnj ¼ tj on oX: ð2:4Þ

where F is a vector of the body forces, t is the traction vector at the boundary oX with outward normal n.

Assume that the constitutive relation (2.1) can be inverted
e ¼ Sðx; rÞ; ð2:5Þ

Then the compatibility of the linear strain, equilibrium in the domain and the traction boundary condi-

tion take, respectively, the following form
DSijðx; rÞ þ Skk;ijðx; rÞ � Sik;kjðx; rÞ � Sjk;kiðx; rÞ ¼ 0 in X: ð2:6Þ

rik;k þ F i ¼ 0 in X; ð2:7Þ

riknk ¼ ti on oX ð2:8Þ

Thus, one has 9 equations in X and only 3 boundary conditions on the boundary oX.
We develop below the formulation of a well-defined boundary value problem of traction for the stress

tensor—as introduced in Pobedria (1979)—to inhomogeneous elastic solids. The equations in the domain are
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DSijðx; rÞ þ Skk;ijðx; rÞ � Sik;kjðx; rÞ � Sjk;kiðx; rÞ þ Zij Skl;klðx; rÞ � DSkkðx; rÞð Þ
þ Rijðx;QðF; rÞÞ þ ðZij � dijÞRkkðx;QðF; rÞÞ ¼ 0 in X: ð2:9Þ
where Z is a constant tensor, components of the tensor Q are the first order derivatives of the left hand side
of the equilibrium equation defined by
Qij ¼
1

2
ðqi;j þ qj;iÞ;

qi ¼ rik;k þ F i;
and R is a symmetric tensor function. Six boundary conditions are defined by
rik;k ¼ �F i on oX; ð2:10Þ

riknk ¼ ti on oX; ð2:11Þ
It is easy to see that if the tensor function R satisfies the condition Rij(x, 0) � 0, any solution of Eqs.
(2.6)–(2.8) is a solution of Pobedria�s system (2.9)–(2.11).

On the other hand, under additional assumptions on R the converse is also true. Indeed, taking the trace
and divergence of Eq. (2.9) we get
ð2� ZkkÞ DSkkðx; rÞ � Skl;klðx;rÞð Þ � Rmmðx;QðF; rÞÞ ¼ 0 in X; ð2:12Þ

ðdij � ZijÞ DSkkðx; rÞ � Skl;klðx; rÞð Þ � Rmmðx;QðF; rÞÞ;j þ Rik;kðx;QðF; rÞÞ ¼ 0 in X ð2:13Þ
Assuming Zkk52, from (2.12) and (2.13) follows
Rik;kðx;QðF; rÞ ¼ 0 in X ð2:14Þ

Eq. (2.14) together with the boundary condition (2.10) give the boundary value problem for the vector

field q.
Rik;k x;
1

2
ðrqþrqTÞ

� �
¼ 0 in X: ð2:15Þ

q ¼ 0 on oX; ð2:16Þ

If the boundary value problem (2.15) and (2.16) has a unique solution
q � in X
then the equilibrium in the domain (2.7) holds and substituting (2.7) and (2.12) into (2.9) one obtains (2.6).
For example, the system (2.15), (2.16) has a unique solution in the case
Rklðx;QÞQkl P 0 or Rklðx;QÞQkl 6 0 and Rklðx;QÞQkl ¼ 0 if and only if Q ¼ 0:
3. The problem of traction for spherically uniform anisotropic linear elastic solids in terms of stresses

The constitutive equation for spherically uniform anisotropic linear elastic solid is (Ting, 1999)
r ¼ Ce; ð3:1Þ
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where
r ¼ ðsrr; shh; suu; shu; sur; srhÞT;
e ¼ ðerr; ehh; euu; 2ehu; 2eur; 2erhÞT;
and C is a positive definite constant symmetric 6 · 6 matrix.
Note that for such materials the constitutive laws (2.1) and (2.5) can be written in tensor form as
rijðxÞ ¼ Cijðx; eÞ ¼ Cijkl
x

jxj

� �
eklðxÞ; ð3:2Þ

eijðxÞ ¼ Sijðx; eÞ ¼ Sijkl
x

jxj

� �
rklðxÞ: ð3:3Þ
In Eq. (2.6) we can set
Rijðx;QÞ ¼ MðQij þ aQkkdijÞ
Zij ¼ zdij;

ð3:4Þ
where the constant parameters M, z, a satisfy the inequalities
M 6¼ 0; z 6¼ 2

3
; �1 < a < þ1 ð3:5Þ
in order for the systems (2.6), (2.7), (2.8) and (2.9), (2.10), (2.11) to be equivalent.
4. Spherically symmetric deformations for spherically uniform anisotropic linear elastic solids

The general form of the compliance matrix in (3.1) that allows spherically symmetric deformation is
(Ting, 1999)
C ¼

C11 C12 C12 0 0 0

C12 C22 C23 C24 C25 C26

C12 C23 C22 �C24 �C25 �C26

0 C24 �C24 C44 C45 C46

0 C25 �C25 C45 C55 C56

0 C26 �C26 C46 C56 C66

0
BBBBBBBB@

1
CCCCCCCCA
: ð4:1Þ
For spherically symmetric deformations the stress and strain tensors are defined by only two scalar func-
tions depending on the radius
rijðxÞ ¼ f ðrÞdij þ gðrÞ xixj
r2

; ð4:2Þ

eijðxÞ ¼ F ðrÞdij þ GðrÞ xixj
r2

; ð4:3Þ
where
f ¼ shh ¼ suu; g ¼ srr � suu;

F ¼ ehh ¼ euu; G ¼ err � euu:
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Hooke�s law (3.1) and (4.1) gives
f

g

� �
¼

C12 þ C22 þ C23 C12

C11 þ C12 � C22 � C23 C11 � C12

� �
F

G

� �
: ð4:4Þ
Due to the positive definiteness of the matrix C in (4.1) the constant coefficients entering (4.4) satisfy the
system of inequalities
C22 > 0;

C2
22 � C2

23 > 0;

ðC22 � C23ÞbC11ðC22 þ C23Þ � 2C2
12c > 0;
which can be reduced to
C22 þ C23 > 0 ð4:5Þ

C22 � C23 > 0 ð4:6Þ

C11ðC22 þ C23Þ � 2C2
12 > 0 ð4:7Þ
Substituting the tensors (4.2) and (4.3) into Eq. (2.9) we obtain the system of two second ordinary dif-
ferential equations for f and g
RðDÞ
f

g

� �
¼

0

0

� �
; ð4:8Þ
where
RðDÞ ¼ D2 � 2D �Dþ 2

D2 þ 2D �D� 2

 !
þ z

0 0

�2D2 � 2D 2Dþ 2

� �" #



C12 þC22 þC23 C12

C11 þC12 �C22 �C23 C11 �C12

� ��1

þM
2D2 � 4D 2D2 � 8

ð2aþ 1ÞD2 þ ð2aþ 3ÞD ð2aþ 1ÞD2 þ ð6aþ 5ÞDþ ð4aþ 6Þ

 !
;

D¼ r
d

dr
:

The characteristic polynomial of the system (4.8) is
detRðDÞ ¼ 2ða þ 1ÞMð3z� 2Þ
C11ðg � 2g2 þ cÞ ðD� 2ÞðDþ 1ÞðD2 þ 3Dþ 2� 2cÞ; ð4:9Þ
where c and g are material parameters as introduced in Ting (1999)
c ¼ C22 þ C23 � C12

C11

; g ¼ C12

C11

:

Since the parameters M, z, a are chosen to satisfy inequalities (3.5) the numerator in the right hand side
of (4.9) does not vanish. The denominator is not equal to zero due to the inequalities (4.5), (4.6), (4.7).

The general solution of the system (4.8) is
f ðrÞ
gðrÞ

� �
¼ A1r�1X 1 þ A2r2X 2 þ A3rð�1þ3kÞ=2X 3 þ A4X 4rð�1�3kÞ=2; ð4:10Þ
where A1, A2, A3, A4 are arbitrary constants,
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X 1 ¼
32C11Mg2 þ gð8� 16C11MÞ � ð�1þ 9k2Þð�1þ 2C11MÞ

1þ 8g � 9k2 þ 2C11Mðð1� 4gÞ2 � 9k2Þ

� �
;

X 2 ¼
�1þ 32g þ 9k2 � 2C11Mðð1� 4g2Þ � 9k2Þð�1þ 3kÞ
25� 16g � 9k2 þ C11Mðð1� 4gÞ2 � 9k2Þð�1þ 3kÞ

� �
;

X 3 ¼
�1þ 3k
�3þ 3k

� �
;

X 4 ¼
1� 3k
3þ 3k

� �
;

k ¼ 1

3
ð1þ 8cÞ1=2:
We may note here that the general solution depends on the parameter M. Eq. (2.9) on their own do not
give solutions of elasticity problems and one has to take into account the boundary conditions (2.10).

For example, consider a spherical shell R1 < r < R2 under a uniform internal and external pressure.
Then, together with the boundary conditions of traction
rijðxÞnjðxÞjr¼R1
¼ �p1niðxÞ

rijðxÞnjðxÞjr¼R2
¼ �p2niðxÞ
that take the form
ðf þ gÞjr¼R1
¼ �p1; ð4:11Þ

ðf þ gÞjr¼R2
¼ �p2; ð4:12Þ
one imposes equilibrium at the boundary (2.10) that in the case of a spherically symmetric deformation can
be written as
f 0 þ g0 þ 2

r
g

� �




r¼R1

¼ 0; ð4:13Þ

f 0 þ g0 þ 2

r
g

� �




r¼R2

¼ 0; ð4:14Þ
Substituting (4.10) into the boundary conditions (4.11), (4.12), (4.13), (4.14) we obtain the values of the
constants A1, A2, A3, A4.

The solution is
A1 ¼ A2 ¼ 0;

A3 ¼
p2R

3ð1þkÞ=2
2 � p1R

3ð1þkÞ=2
1

4ðR3k
2 � R3k

1 Þ
;

A4 ¼
p2R

3k
1 R

3ð1þkÞ=2
2 � p1R

3ð1þkÞ=2
1 R3k

2

4ðR3k
2 � R3k

1 Þ
:

Then the stresses are given by the formulae
rhh ¼ ruu ¼ f ¼ �p2
qþr3k � q�R3k

1

R3k
2 � R3k

1

R2

r

� �3ð1þkÞ=2

� p1
q�R3k

2 � qþr3k

R3k
2 � R3k

1

R1

r

� �3ð1þkÞ=2

;

rrr ¼ f þ g ¼ �p2
r3k � R3k

1

R3k
2 � R3k

1

R2

r

� �3ð1þkÞ=2

� p1
R3k
2 � r3k

R3k
2 � R3k

1

R1

r

� �3ð1þkÞ=2

;

where q� ¼ 1
4
ð1� 3kÞ, which are in agreement with whose in Lekhnitskii (1963) and Ting (1999).
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5. Conclusion

We have applied the formulation of the boundary value problem in terms of stresses in 3D to inhomo-
geneous anisotropic elastic solids, specifically spherically uniform anisotropic solids and solved an example
for a spherical shell. By this method the stresses are obtained directly without the necessity of differentiation
of the displacements as in the standard displacement formulation of 3D boundary value problems of
elasticity.
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